COHOMOLOGY ALGEBRA OF ORBIT SPACES OF FREE 
INVOLUTIONS ON LENS SPACES 



MAHENDER SINGH 

Abstract. Let X be a finitistic space having the mod-2 cohomology al- 
gebra of the lens space Lp'"~^(gi, qm)- If 4 f m, then we determine the 
possible mod-2 cohomology algebra of orbit space of any free involution 
on X using the Leray spectral sequence associated to the Borel fibration 
X ^ Xz2 — > ■ As an application we show that if 4 f m then for 
any free involution on X, there does not exist any Z2-equivariant map 
^ X for n > 2, where S" is equipped with the antipodal involution. 



1. Introduction 

An involution on a topological space X is a self homeomorphism X ^ X 
which is its own inverse, that is, its an action of the group G = Z2 on X. This 
papei0 is concerned with the study of free involutions on lens spaces, more 
generally, mod-2 cohomology lens spaces. Lens spaces are odd dimensional 
spherical space forms described as follows. Let p > 2 be a positive integer 
and qi,q2i ■■■,Qm be integers coprime to p, where m > 1. Let S'^"^~^ C 
be the unit sphere and let i'^ = —1. Then 

{zi,...,Zm) ^ {e p zi,...,e P Zm) 

defines a free action of the cyclic group Zp on S^"*"^. The orbit space is 
called the Lens space and is denoted by Lp'"~^(gi, g^)- It is a compact 
Hausdorff orientable manifold of dimension (2m — 1). 

Let X ~2 L2'^-H5i,-, Qm) mean that there is an abstract isomorphism of 
graded algebras 

H*{X- Z2) = i?*(L2— Z2). 

We call such a space a mod-2 cohomology lens space and refer to dimension 
of Lp"^~^{qi, ...,qm) as its dimension. Involutions on lens spaces have been 
studied in detail, particularly on three dimensional lens spaces ([9], [TT] . 
[12] , [13] , [H] , [H] ) . Hodgson and Rubinstein obtained a classification of 
smooth involutions on three dimensional lens spaces having one dimensional 
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fixed point sets. Kim [13j obtained a classification of orientation preserving 
and sense preserving PL involutions on three dimensional lens spaces. Also 
Kim [I4j obtained a classification of free involutions on three dimensional 
lens spaces whose orbit spaces contains Klein bottles. The work in this pa- 
per is motivated by the work of Myers [18] , where he showed that every free 
involution on a three dimensional lens space is conjugate to an orthogonal 
free involution, in which case the orbit space is again a lens space (see Re- 
mark 4.8). We consider free involutions on finitistic mod-2 cohomology lens 
spaces and determine the possible mod-2 cohomology algebra of the orbit 
space. Before we state our theorem, recall that, a finitistic space is a para- 
compact Hausdorff space whose every open covering has a finite dimensional 
open refinement, where the dimension of a covering is one less than the max- 
imum number of members of the covering which intersect non-trivially (the 
notion was introduced by Swan in [20]). It is a large class of spaces including 
all compact Hausdorff spaces and all paracompact spaces of finite covering 
dimension. The lens space Lp"^~^{qi, ...,qm) is a compact Hausdorff space 
and hence is finitistic. If X/G denote the orbit space, then we prove the 
following theorem. 

Main Theorem. Let G = 7^2 cLct freely on a finitistic space X ~2 
Lp™~-'^(gi, g^)- -(/^fm, then H* (X/G; 7^2) is one of the following graded 
algebras: 

(1) Z2[x]/(x2™), 

where deg{x) = 1. 

(2) Z2[x,y]/(x2,y"), 

where deg{x) = 1 and deg{y) = 2. 

(3) Z2[x,y,2:]/(a:^^y^^^,a;2y- Ax^), 

where deg{x) = 1, deg{y) = 1, deg{z) = 4, A E Z2, m > 2 is even. 

Our theorem generalises the results known for the orbit spaces of free 
involutions on the three dimensional lens space Lp{q), to that of the large 
class of finitistic spaces X ~2 Lp^~^{qi, ...,qm) (see remarks 5.4, 5.7 and 
5.8). We also give an application to equivariant maps S" ^ X, where S" is 
equipped with the antipodal involution. 

2. Cohomology of lens spaces 

For convenience we write L'^~^{q) for Lp"^~^{qi, ...,qjn)- The homology 
groups of a lens space can be easily computed using its cell decomposition 
(see for example [8J, p. 144) and are given by 

{Z if i = 0, 2m - 1 
Zp if i is odd and < i < 2m - 1 
otherwise. 

If p is odd, then the mod-2 cohomology groups are 
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^j^^2m-i^^-j. _ J ^2 ifi — 0, 2m-l 



P 10 otherwise 

And if p is even, then 



H{L^ (g),Z2)-|Q otherwise. 



3. Free involutions on lens spaces 

We now construct a free involution on the lens space L'^~^{q). Let 
qi, ...jqm be odd integers coprime to p. Consider the map C™ — > C"^ given 
by 

{zi,...,Zm) ^ {e 2p Zi,...,e 2p z-m). 

This map commutes with the Zp action on S^m-i defining the lens space 
and hence descends to a map a : Lp"^~^{q) — > L'^~^{q) such that a^= 
identity. Thus q is an involution. Denote elements of Lp"^~^{q) by [z] for 
z = (zi, Zm) e §2^-1. If a{[z]) = [z], then 

27rj-g]^ 2TTLqm 27VLkq-^ 2TrLkqTn 

(e 2p zi,...,e 2p z^) = (e p zi,...,e p Zm) 

for some integer k. Let 1 < i < m be an integer such that Zi 7^ 0, then 

e 2p = e p and hence e = e p . This implies 

qi_ _kqi^ _ qi{l - 2k) 
2p p 2p 

is an integer, a contradiction. Hence the involution a is free. Observe that 
the orbit space of the above involution is L2™-i(g)/(a) = ^^^-^(g). 



4. Preliminaries 

In this section, we recall some basic facts that we shall be using in the 
rest of the paper without mentioning explicitly. For details of most of the 
content in this section we refer to [4J and [16j. Throughout we shall use Cech 
cohomology. Let the group G = Z2 act on a finitistic mod-2 cohomology 
lens space X. Let G ^ Eq — > be the universal principal G-bundle. 
Consider the diagonal action of G on X x Eq, then the projection X x Eq — > 
Eq is G-equivariant and gives a fibration X ^ Xq — > Bq called the Borel 
fibration (see [6], Chapter IV), where Xq = (X x Ec)/G is the orbit space of 
the diagonal action on X x Eq- We shall exploit the Leray spectral sequence 
associated to the Borel fibration X ^ Xq — > Bq- 

Proposition 4.1. Let X ^ Xq — ^ Bq be the Borel fibration, then there 
is a first quadrant spectral sequence of algebras {Er*'*,dr}, converging to 
H*{Xg;'^2) o-s an algebra, with 
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the cohomology of the base Bq with locally constant coefficients Ti}{X]'L2) 
twisted by a canonical action of tti{Bg) ■ 

See [16], Theorem 5.2. 

The graded commutative algebra H*{Xg;'^2) is isomorphic to TotE^ , 
the total complex of . Since the fundamental group tti^Bg) = T^2 acts 
trivially on the cohomology K*(X\TL2)^ the system of local coefficients is 
constant and hence by p,6j Proposition 5.5 we have 

E^k'i ^ H\Bg;Z2) ^ H\X;Z2). 

Note also that H*{Xg) is a -ff*(SG)-™odule with the multiplication given 

by {b,x) ^ p*{b) U x. 

Proposition 4.2. The edge homomorphisms 
H^Bg; Z2) = ^2'° ^3'° ^ • • • 

El^' El'l = E'J c hHXg; Z2) 

and 

H\Xg;'L2) E^J = E^l^ C C • • • C = H\X-Z2) 
are the homomorphisms 

p* : H'{Bg;Z2) ^ H''{Xg;Z2) and i* : H'{Xg;Z2) ^ H'{X-Z2). 
See [16], Theorem 5.9. 

We now recall some results regarding Z2 actions on finitistic spaces. 

Proposition 4.3. Let G = Z2 o,ct freely on a finitistic space X . Suppose 
that W{X; Z2) = for all j > n, then W{Xg] ^2) = for j > n. 

See [4J, Chapter VII, Theorem 1.5. 

Let h : Xg X/G be the map induced by the G-equivariant projection 
X X Eg — > X. Then the following is true. 

Proposition 4.4. Let G = Z2 act freely on a finitistic space X, then 
h* : H*{X/G;Z2) ^ H^Xg-M). 

See [4j, Chapter VII, Proposition 1.1. In fact X/G and Xg have the same 
homotopy type. 

Proposition 4.5. Let G = Z2 act freely on a finitistic space X. Suppose 
that Yli>o''^^-^^i-^) < ^ '^'^^ induced action on H*{X;Z2) is trivial, 
then the Leray spectral sequence associated to X ^ Xg — > Bq do not 
degenerate. 
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See d], Chapter VII, Theorem 1.6. 

Recall that for G = Z2, H*{Bg; ^2) = where deg(t)=l. 

From now onwards our cohomology groups will be with Z2 coefficients and 
we will supress it from the cohomology notation. 



5. Proof of the Main Theorem 

This section is divided into three subsections according to the various pos- 
sibilities for p. The Main Theorem follows from a sequence of propositions 
proved in this section. 

4.1. When p is odd. 

Recall that for p odd, L'^~^{q) ~2 S^"*"^. It is well known that the orbit 
space of any free involution on a mod-2 cohomology sphere is a mod-2 coho- 
mology real projective space of same dimension (see for example Bredon [5j, 
p. 144). For the sake of completeness we give a quick proof using the Leray 
spectral sequence. 

Proposition 5.1. /fG = Z2 acts freely on a finitistic space X ~2 where 
n > 1 is any positive integer, then 

H*{X/G;Z2)^Z2[x]/{x'^+'), 

where deg(x)=l. 

Proof. Note that E^' is non-zero only for Z = 0, n. Therefore the differen- 
cials dr = for 2 < r < n and for r > n + 2. As there are no fixed points, 
the spectral sequence do not degenerate and hence 

I Tpk,n Tpk+n+l,0 

is non-zero and it is the only non-zero differencial. Thus i?^* = E^^2 ^"^^ 

I2 if < A; < n 



T1^(X \= F^'O = / ^2 if < A; < 
y-^G) ^00 otherwise. 



Let X = p*{t) £ eI;^ C H^{Xg) be determined by t ® 1 G E^'^. Since the 
cup product 

xU{-):H\Xg)^H''+\Xg) 
is an isomorphism for 0<fc<n — 1, we have x'' ^ for 1 < k < n and 
therefore H*{Xg) = Z2[x]/(x"+i). As the action of G is free, H*{X/G) ^ 
H*{Xg)- This gives the case (1) of the main theorem. □ 

4.2. When p is even and 4f p. 

Let p be even, say p = 2p for some integer p > 1. Since qi,...,qm are 
coprime to p, all of them are odd. Also all of them are coprime to p . Note 
that Ll'^-Hq) = L^^r^{q) = L^T~^ {q) / {a) , where a is the involution on 

p ^ 

LF'T~^{q) as defined in Section 3. When 4 | that is p is odd, we have 
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L^T'^{q) ~2 S^""^ and hence Ll'^'^i^q) ~2 MP^™-!. Therefore it amounts 
to determining the cohomology algebra of the orbit space of free involutions 
on odd dimensional mod-2 cohomology real projective spaces. 

Proposition 5.2. If G = 2,2 acts freely on a finitistic space X ~2 MP^™~-^, 
then 

H*{x/G;Z2) = Mx,y]/{^^y"'), 

where deg(x)=l and deg(y)=2. 

Proof. Note that if m = 1, then the proposition is obvious. Assume m > 1. 
Let a € H^{X) be the generator of the cohomology ring H*{X). As there 
are no fixed points, the spectral sequence do not degenerate at the E2 term. 
Therefore ^2(1 ® a) = ® 1. One can see that 

is the trivial homomorphism for / even and an isomorphism for / odd. Note 
that dr = for all r > 3 and for all k, I. Hence = E^'* . This gives 



Tpk,l 



Z2 for = 0, 1 and i = 0, 2,..., 2m - 2 
otherwise. 



But 



Therefore 



H\Xg) 



E^ if j even 
E^^^ if j odd. 

2 if < i < 2m - 1 



H (Xg) I g otherwise. 



Let X = p*{t) G e]^ be determined by f ® 1 G e]''^ and G e'^ = 0. 
The element l(8)a^ G -^2'^ is a permanent cocycle and determines an element 
y G E^ = H'^{Xg)- Also i*{y) = and = 0. Since the multiplication 

x\^[-)■.i^\XG)^ii^^\XG) 

is an isomorphism for < A; < 2m — 2, we have xy^ 7^ for < r < m — 1. 
Therefore we get 

F*(XG)=Z2[x,y]/(x2,y™), 

where deg{x) = 1 and deg{y) = 2. As the action of G is free, H*{X/G) = 
H*{Xg), which gives the case (2) of the main theorem. □ 

Remark 5.3. It is well known that there is no free involution on a finitistic 
space X ~2 KP^™. For, the Floyd's Euler characteristic formula ([4|, p. 145) 

X{X) + x(X^) = 2x{X/G) 

gives a contradiction as x(^) = 1 and xi^^) = 0- 
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Remark 5.4. The above result follows easily for free involutions on MP'^. 
Let there be a free involution on MP^. This lifts to a free action on S'^ by 
a group H of order 4 and MP^/Z2 = S^/H. There are only two groups of 
order 4, namely, the cyclic group Z4 and Z2 Z2. By Milnor [17], Z2 © Z2 
cannot act freely on S^. Hence H must be the cyclic group Z4. Now by 
Rice |19j . this action is equivalent to an orthogonal free action and hence 

4.3. When p is even and 4 | p. 

As above Lf'-^iq) = L^^r^{q) = Lj"~^(g)/(a). Since 4 | that is p is 
even, the cohomology groups H^{L'^~^{q)) = Z2 for every < i < 2m — 1 
and otherwise. The Smith-Gysin sequence of the orbit map r/ : L^™~^(g) 
L^"?~^(g), which is a 0-sphere bundle, is given by 



. . . ^ H^"-~\Ll^-\q)) t H^---\L'7-\q)) ^ H^^~\L'^r\q)) - 0, 
where r is the transfer map. 

By exactness the cup-square v"^ of the characteristic class v G {L^^r^^ {q)) 
is zero. This gives the cohomology ring 

H*{L'^r\q)) = m®Z2[wy{w'^)^Z2[vM/{v\w'^), 

where v G H^L^^r^ {q)) and G {L^^r^ {q)) . 

Let -u; be generators of = H* {L^"^-^ {q)) . As the group G = Z2 

acts freely on X with trivial action on H*(X), the spectral sequence do not 
degenerate at the E2 term and we have d2 ^ with one of the following 
possibilities: 

(a) ^2(1 (8) -u) = 1 and ^2(1 ® w) = t"^ (S> v , 

(b) (^2(1 (Siv) = f (g)l and ^2(1 ^ w) = and 

(c) ^2(1 ® v) =0 and ^2(1 ^w)=t'^^v. 

We consider the above possibilities one by one. First we consider (a). By 
the multiplicative property of d2, we have 

[ U it q even 

and ^2(1 X vw'^) = <^w'^. This shows that 

d2 : P2''' - ^2^'"'"' 
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is an isomorphism if I even and 2 f ^ or / odd. And d2 is zero if / = 4g. This 
gives 

^k,l ^ f E^'^ if /c = 0, 1 and Z = 4q 
^ \ otherwise. 

Note that dr = for aU r > 3 and for ah k, I as = 0. Therefore 

E'to* = E^'*, which is a contradiction by Proposition 4.3. Hence (a) does 
not arise. 

For the possibility (b), wc have the following proposition. 

Proposition 5.5. Let G = Z2 act freely on a finitistic space X ~2 L'^~^{q) 
where 4 | p. Let {Er*'*,dr} he the Leray spectral sequence associated to the 

fibration X '—^ Xq Bq. If v, w are generators of H*{X) such that 
^2(1 (8> 7^ and ^2(1 <Si w) = 0, then 

H*{X/G;Z2) = Z2[x,y]/{x'',y^), 

where deg{x) = 1 and deg{y) = 2. 

Proof. Let d2{l <S) v) = t'^ i^i 1 and ^2(1 lu) = 0. Consider 

d2 : E^'^ ^ E^+^'^-\ 

in = 2q, thend2it''(g)w'^) = and if / = 2g+l, then d2(t''<8)^^^«^) =t''+'^<^w'i 
for < q < m — 1. This gives 

^k,l ^ f £^2'' if k = 0,1 audi = 0, 2,..., 2m - 2 
^ \ otherwise. 

Note that 

dr : E^ ^ £;fe+r-,/-r+l 

is zero for all r > 3 and for all A;, I as = 0. This gives E^^* = E*'*. 

But 



H^{Xg) 

Therefore 

W{Xg) = 



E^ if J even 
Ek^-'^ if j odd. 



Z2 for < i < 2m - 1 
otherwise. 

Let X = p*it) € eI^ be determined hy t^l e E^'^. As E^ = we have 
x^ = 0. Note that 1 (g) ttj is a permanent cocycle and therefore it determines 
an clement say y G E^ = H'^^Xq). Also i*{y) = w and y"* = 0. Since the 
multiplication 

xU{-):H>'iXG)^H'+\XG) 
is an isomorphism for < < 2m — 2, we have xy'^ 7^0forO<r<m — 1. 
Therefore 

H*{XG)^U^,y]/{x',yn, 
where deg{x) = 1 and deg{y) = 2. As the action of G is free, H*{X/G) = 
H*{Xg) and again we get the case (2) of the main theorem. □ 
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Finally for the possibility (c), we have the following proposition. 

Proposition 5.6. Let G = Z2 act freely on a finitistic space X ~2 Lp"^~^{q) 
where 4 | p and 4 \ m. Let {Er*'*,dr} be the Leray spectral sequence asso- 
ciated to the fibration X '—^ Xq Bq- If v, w are generators of H*{X) 
such that ^2(1 (8) v) =0 and ^2(1 ®w)^Q, then 

H*{X/G- Z2) ^ Z2[x, y, z\/{x\ y\ , x^y - \x^), 

where deg{x) = 1, deg{y) = 1, deg{z) = 4, A G Z2 and m > 2 is even. 

Proof. Let ^2(1 ® f ) = and ^2(1 ^w) = t'^®v. The derivation property 
of the differential gives 

, ^ a. f (8) vwi~^ if < g < m odd 
^ ' I^O ifO<g<m even. 

Also £^2(1 (8) vw'i)= for < < m. Note that vS^ = 0. If m is odd, then 

^ = d2{\®w^) = d-2{{\®w'^-^)(\®w)) = t^®vur-^, 

a contradiction. Hence m must be even, say m = 2n for some n > 1. Prom 
this we get 

d2 : 4'' ^ 4+'''"' 
is an isomorphism if I even and 2 1 1 , and is zero if I odd or 2 | | . This gives 

( £"2 for all A; if Z = 4g or / = 4g + 3, where < g < n - 1 
= < E^'^ for A: = 0, 1 and Z = 4g + 1, where < g < n - 1 
I, otherwise. 

We now consider the differencials one by one. 
First we consider 

d3 : E^'^ ^ ^3^+^''-^ 

Clearly 4 = for all A; and for l = 4:q, Aq + 3 as E^'^^'^"'^ = in this case. 
For A; = 0, 1 and for / = 4(g + 1) + 1 = 4g + 5, 

is also zero, because if a G i^g'^^"*"^ and ^3(0) = [t''~^^ (g) vw'^'^^^], then for 
6 = [t^ (8) 1] G E^'^, we have a.b G ^3+^'^^+^ = and hence 

= d-sia.b) = ds{a).b + a.dsib) = d3{a).b + = O vuj^'^+i], 



which is a contradiction. 
Now suppose that 

is zero, then we claim that 



d, : Er - 



d4 : E^/ ^ £;^fc+4,^-3 
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is zero for all k, I. Note that = for all k and for I = 4g. Similarly 

^fe+4,/-3 = for A; = 0, 1 and for / = 4^ + 1. Now if Z = 4g + 3, then 

is given by 

diiit'' = {d4[t^ (g) vw]).[l w^i] + [t'' vw].{d4[l w'^'^]) = 0. 

This proves our claim that d4 = 0. 
Note that if n = 1, then 

dr : E^'^ E^+r,l-r+l 

is zero for all r > 5 and for all k, I. Hence E^i* = E*'* . But E^'^ = E^'^ = 
Z2, that is, the top and the bottom lines survives to infinity and H^{Xg) 7^ 
for J > 3, a contradiction by Proposition 4.3. Hence n > 1 and therefore 
m> 2. Now if 

d, : Er - 

is non-zero, say d5([l ® w^]) = [t^ (2> 1], then d5{[l (2> = q[t^ (g) 

and d5([l®wti;2'7+i]) = gftSo-y^^^^-i] for 1 < g < n-1. Note that l(g)vu;"'+^ 

= and hence 



which is a contradiction as 2 | n. Hence d^ : £^5'^ — > £^5'^^ is zero. 



= d5([l uw^^+^l) = n[t5 vw""-^] 

trad 
Now consider 

: £5'' ^ £5^+^-'-^ 

Note that E^'^^'^''^ = for A; = 0, 1 and for Z = 4g + 1. 

For any k and for Z = 4g or Z = 4g + 3, d^ is zero by the derivation property 

of and the above. Hence ^5 = for all k, I. 

Note that dr = for all r > 6 and for all k, I as Er~^^'^ ^'^^ = 0. This gives 
^TO* = £3'*, a contradiction as before. Hence 

d4 : Er - 

must be non-zero, say d4{[l<^ vw\) = [t^ ® 1]. This gives 

d4 : £4'' ^ eI+^^^-^ 

is an isomorphism for I = Aq + 2> where Q < q < n — 1 and zero otherwise. 

1*, 

Z2 if j = 4g, 4g -I- 3, where Q <q<n — l 

Z2 e Z2 if Aq<j<4.q + 3, where < g < n - 1 
if j > 4n - 1 



Hence, we have E^ = El'* and 



We see that 1 (81 € £2'^ and 1 (X) f € £'2'"'^ are permanent cocycles. Hence, 
they determine elements z G E^ and ii G £^0^ respectively. As H^{Xg) = 
E^* = E^'^, we have i*{z) = w'^. Since u;^" = u;"* = 0, we get = 0. Also 
= implies = 0. Let a; = p*{t) G -B^," be determined by t (g) 1 G -E;2'°- 
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As E^!^ = 0, we have = 0. Similarly E'^ = gives x'^u = 0. This shows 
that the total complex Toti?^* is the following graded commutative algebra 

TotE^^* ^ Z2[2;,M,z]/(x^n^z",x2n). 

Note that X £ Ek^ C H^{Xg) and z e E^^ = H^{Xg). Let y G H^{Xg) 
represent u, then i*{y) = v and = 0. The cup product 

is given by x^y = Ax^ for some A € Z2. Hence, 

H*{Xg) = Mx, y, z]/{x\ y\ z", - Ax3), 

where deg(x) = 1 = deg(y) and deg(z) = 4. As the action of G is free, 
H*{X/G) = H*{Xg). This is the case (3) of the main theorem. □ 

With this we have completed the proof of the main theorem. 

We now make some remarks. 

Remark 5.7. For the 3-dimensional lens space Lp{q), where p = Ak for some 
k, Kim ([12], Theorem 3.6) has shown the orbit space of any sense-preserving 
free involution on Lp{q) to be the lens space L2p{q ), where g g = ±1 or 
q = zizq (mod p) and an involution is sense-preserving if the induced map 
on Hi{Ll{q); Z) is the identity map. This is the case (2) of the main theorem. 

Remark 5.8. If T is a free involution on L^{q) where p is an odd prime, then 
Zp and the lift of T to generate a group H of order 2p acting freely on 
. T is said to be orthogonal if the action of H on S"^ is orthogonal. Myers 
[18j showed that every free involution on Lp{q) is conjugate to an orthogonal 
free involution. It is well known that there are only two groups of order 2p, 
namely the cyclic group and the dihedral group (see for example 
[To] , p. 97). But by Milnor [17], the dihedral group cannot act freely and 
orthogonally on S'^. Hence H must be the cyclic group Z2p acting freely and 
orthogonally on S^. Therefore the orbit space Lp{q)/{T) = §^/H = L2p{q). 
Since p is odd, L^{q) ~2 and L^{q)/{T) ~2 K-P^, which is the case (1) of 
the main theorem. 

Remark 5.9. The condition 4 f m is used only in Proposition 5.6, which gives 
case (3) of the main theorem. If 4 | m, then the higher differentials may not 
vanish and our approach may not work. 

Remark 5.10. The case (1) of the main theorem can be realized by taking the 
antipodal involution on a sphere. The Smith-Gysin sequence shows that the 
example discussed in Section 2 realizes the case (2) of the main theorem. We 
however do not have an example realizing the case (3) of the main theorem. 
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6. Application to Z2-equivariant maps 



Let X be a paracompact Hausdorff space with a fixed free involution, that 
is, with a fixed free action of the group G = Z2. Conner and Floyd [7] asked 
the following question. 

For which integer n is there a Z2-s<luivariant map of into X, hut no such 
map of 5*"^^ into X ? 

In view of the Borsuk-Ulam theorem, the answer to the question for X = 
is n. Motivated by the classical results of Lyusternik-Schnirelmann [15], 
Borsuk-Ulam [2j, Yang [21j^[23] and of Bourgin |3j, Conner and Floyd 
defined the index of the involution on X as 

ind(X) = max { n \ there is a Z2-equivariant map S" X}. 

It is natural to consider the purely cohomological criteria to study the above 
question. The best known and most easily managed cohomology class are 
the characteristic classes with coefficients in Z2. Generalizing the Yang's 
index [22], Conner-Floyd defined 




where w G H'^{X/G;'L2) is the Whitney class of the principal G-bundle 
X X/G. Since co-indz2(S") = n, we have (by [7], (4-5)) 

ind(X) < co-mdi,,{X). 

Since X is paracompact Hausdorff, we can take a classifying map c : X/G — > 
Bg for the principal G-bundle X — > X/G. If k : X/G — > Xq is a homotopy 
equivalence, then pk : X/G — > Bq also classifies the principal G-bundle 
X — > X/G and hence it is homotopic to c. Therefore it suffices to consider 
the map p* : H^{Bg]I'2) ^ H'^{Xg;Z2). The image of the Whitney class 
of the universal principal G-bundle G ^ Eq — Bq is the Whitney class 
of the principal G-bundle X — > X/G. 

Let X ~2 Lp"^~^[q) be a finitistic space with a free involution. The Smith- 
Gysin sequence associated to the principal G-bundle X X/ G shows that 
the Whitney class is non-zero. 

In case (1), x G H^{X/G; Z2) is the Whitney class with x"^"^ = 0. This gives 
co-indz2 (-'^) < 2m — 1 and hence ind(X) < 2m — 1. Therefore in this case 
there is no Z2-equivariant map from ^ X for n > 2m. Taking X = S'^ 
with the antipodal involution, by Proposition 4.1, we get the Borsuk-Ulam 
theorem which states that there is no map from — > equivariant with 
respect to the antipodal involutions when n > k + 1. 

In case (2), x € i?^(X/G;Z2) is the Whitney class with = 0. This 
gives co-ind^jl^) = 1 ind(X) < 1. Hence in this case there is no Z2- 
equivariant map from S" — >■ X for n > 2. 

Similarly in case (3) of the main theorem, where 4 f m, x G H^(X/G;Z2) 
is the Whitney class with x^ = 0. This gives co-ind22(^) — 3 and hence 
ind(X) < 3. In this case also there is no Z2-equivariant map from S" ^ X 
for n > 4. 




co-indz2 (X) 



largest integer n such that ^ 
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Thus, if 4 1 m, then there does not exist any Z2-equivariant map from 
S*^ — > X for n >2. However for n = 1, there does exist a Z2-equivariant map 
from L2'"-i(g). The inclusion S^m-i ^^^^^ hj z ^ (z,0, ...,0) 

commutes with the Zp action defining the lens space and hence gives a 
map / : Lp{qi) Lp™'~^{q). Consider the involution a of Section 3 on 
Lp^~^{q) and the same involution on Lp{qi) by taking m = 1. Then / is 
Z2-equivariant with respect to the above involutions, where Lp(gi) = S^. 

Thus, we have the following. 

Theorem 6.1. Let X ~2 L'^~^{q) he a finitistic space with a free invo- 
lution. If A \ m, then there does not exist any 'Z2-SQuivariant map from 
^ X forn>2. 

However for n = 1, there does exist a Z2-equivariant map from S" — s- 
Lp^~^{q). The inclusion S^™^-*^ given hy z (z,0,...,0) commutes 

with the lip action defining the lens space and hence gives a map / : 
^pili) ~^ ^p^'^il)- Consider the involution a of Section 2 on Lp"^~^{q) and 
the same involution on Lp{qi) by taking m = 1. Then / is Z2-equivariant 
with respect to the above involutions, where Lp{qi) = S^. Thus, we have 
the following. 

Corollary 6.2. Let L'^~^{q) be a lens space with a free involution. If 
A\m, then ind(L2'"-i(g)) = 1. 

Remark 6.3. We note that Jaworowski [11] has computed the index of the 
free involution a on the lens space Lp"^~^{q) and we have computed it for 
any free involution when A\m. 
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